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Abstract. In this paper, we consider two particular binomial sums
n−1∑
k=0
(20k2 + 8k + 1)
(
2k
k
)5
(−4096)n−k−1
and
n−1∑
k=0
(120k2 + 34k + 3)
(
2k
k
)4(4k
2k
)
65536n−k−1,
which are inspired by two series for 1
pi2
obtained by Guillera. We consider
their divisibility properties and prove that they are divisible by 2n2
(
2n
n
)2
for all integer n ≥ 2. These divisibility properties are stronger than those
divisibility results found by He, who proved the above two sums are divisible
by 2n
(
2n
n
)
with the WZ-method.
Keywords: Divisibility; Binomial coefficients; Binomial sums; Hypergeo-
metric functions; The WZ-method.
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1 Introduction
In recent years, many people studied some divisibility properties of binomial
coefficients. For example, Guo [7] proved some divisibility properties of
binomial coefficients such as
(2n + 3)
(
2n
n
) ∣∣∣∣ 3
(
6n
3n
)(
3n
n
)
,
(10n + 3)
(
3n
n
) ∣∣∣∣ 21
(
15n
5n
)(
5n
n
)
.
Z.-W. Sun [15, 16] found the following divisibility properties involving bino-
mial coefficients,
2(2n + 1)
(
2n
n
) ∣∣∣∣
(
6n
3n
)(
3n
n
)
,
4(2n + 1)
(
2n
n
) ∣∣∣∣
n∑
k=0
(20k + 3)
(
2k
k
)2(4k
2k
)
(−1024)n−k .
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Moreover, some other divisibility properties on central binomial coefficients
were investigated by many authors. The reader can be referred to [1, 7, 8, 9]
for more information and references therein. For some super-congruences
on binomial sums, see, for example, [2, 6, 14, 17, 19].
Recently, studying on divisibility properties of binomial sums has aroused
great interest of many scholars since Z.-W. Sun proposed several conjectures
on divisibilities involving central binomial coefficients in [14]. Though these
conjectures have been proved by He [10, 11] and Mao and Zhang [12], we
list them in the following so that the interested reader can read them con-
veniently. In fact, it is worthy noting that the binomial sums considered in
this paper are inspired by two series for 1
pi2
obtained by Guillera, it seems
that there are similar divisibility properties related to every formula in the
family introduced in [5].
Theorem 1.1 ([14, Conjecture 5.1(i)]). For all integer n > 1,
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(3k + 1)
(
2k
k
)3
(−8)n−k−1,
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(3k + 1)
(
2k
k
)3
16n−k−1,
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(6k + 1)
(
2k
k
)3
256n−k−1,
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(6k + 1)
(
2k
k
)3
(−512)n−k−1,
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(42k + 5)
(
2k
k
)3
4096n−k−1.
Besides, He [10, 11] also found two similar divisibilities involving bino-
mial sums by using WZ-method,
Theorem 1.2 ([10, 11, Theorem 1.1(1.4), Theorem 1.2]). For n ≥ 2, we
have
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(20k2 + 8k + 1)
(
2k
k
)5
(−4096)n−k−1,
2n
(
2n
n
) ∣∣∣∣
n−1∑
k=0
(120k2 + 34k + 3)
(
2k
k
)4(4k
2k
)
65536n−k−1.
In this paper, we in fact prove the following stronger results than Theo-
rem 1.2.
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Theorem 1.3. For n ≥ 2, we have
2n2
(
2n
n
)2 ∣∣∣∣
n−1∑
k=0
(20k2 + 8k + 1)
(
2k
k
)5
(−4096)n−k−1. (1.1)
Theorem 1.4. For n ≥ 2, we have
2n2
(
2n
n
)2 ∣∣∣∣
n−1∑
k=0
(120k2 + 34k + 3)
(
2k
k
)4(4k
2k
)
65536n−k−1. (1.2)
The present paper is organized as follows. We recall the definition of
WZ-pair and also make some preliminaries in Section 2. In section 3, we
give the proofs of Theorem 1.3 and Theorem 1.4.
2 Preliminaries
We recall that a function A(n, k) is hypergeometric in its two variables if
the quotients
A(n+ 1, k)
A(n, k)
and
A(n, k + 1)
A(n, k)
are rational functions in n and k, respectively. We say that a pair of hyper-
geometric functions F (n, k) and G(n, k) form a WZ-pair if F and G satisfy
the following relation:
F (n, k − 1)− F (n, k) = G(n + 1, k)−G(n, k). (2.3)
Wilf and Zeilberger [18] proved in this case that there exists a rational
function C(n, k) such that
F (n, k) = C(n, k)G(n, k).
The rational function C(n, k) is also called the certificate of the pair (F,G).
One can use a Maple package written by Zeilberger to discover or verify
WZ-pairs, see EKHAD [13, Appendix A].
To prove our results, we need the following lemma, which is due to He.
Lemma 2.1 ([10, Lemma 2.3]). Let n ≥ 0, k ≥ 1 and N ≥ 1 be integers and
P (N) a positive integer depending on N . Assume that F (n, k) and G(n, k)
are two rational functions in n, k such that F (n, k) = G(n, k) = 0 for k > n
and they form a WZ-pair. If we have
(i) P (N)
∣∣∣∣ BN∑N−1k=1 G(N, k) for all integers k ≥ 0; and
(ii) P (N)
∣∣∣ BNF (N − 1, N − 1),
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where B is an integer such that BNF (N − 1, N − 1) and BNG(N, k) are
both integers. Then we have
P (N)
∣∣∣ BN N−1∑
n=0
F (n, 0).
Let p be a prime. The p-adic evaluation of an integer m is defined by
vp(m) = sup{a ∈ N : p
a|m}.
Clearly, for a rational number x = m/n with m,n ∈ Z, we can define
vp(x) = vp(m)− vp(n). (2.4)
For the p-adic evaluation of n!, it is well known that
vp(n!) =
∞∑
i=1
⌊
n
pi
⌋
, (2.5)
where ⌊x⌋ is the greatest integer not exceeding x.
We also need the following lemmas before giving our proofs. Let N
and Z represents, respectively, the set of nonnegative integers and integers
throughout the paper.
Lemma 2.2 ([10, Lemma 2.2]). Let n be a positive integer and k ≤ n a
nonnegative integer. Then
(2n+ 2k − 1)
(
2k
k
) ∣∣∣∣∣ n
(
2n
n
)(
2n+ 2k
n+ k
)(
n+ k
2k
)
.
Lemma 2.3. Let n ≥ 2 be a positive integer. Then
64(2n + 1)
∣∣∣∣ n2(n+ 1)
(
2n
n
)(
2n− 2
n− 1
)(
2n + 2
n+ 1
)
.
Proof. In fact, we note that
n2(n+ 1)
(
2n
n
)(
2n−2
n−1
)(
2n+2
n+1
)
64(2n + 1)
=
(2n− 1)2(2n − 3)!3
(n − 2)!3(n− 1)!3
= (2n− 1)2
(
2n− 3
n− 1
)3
.
So this follows the statement.
Lemma 2.4. Let m > 1 and n, k be nonnegative integers. Then for n ≥ k,
we have⌊
4n+ 2k − 2
m
⌋
+ 3
⌊
k
m
⌋
+
⌊
2n
m
⌋
≥ 3
⌊
2k
m
⌋
+
⌊ n
m
⌋
+
⌊
n− 1
m
⌋
+ 2
⌊
n− k
m
⌋
+
⌊
2n+ k − 1
m
⌋
.
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Proof. Let
S =
⌊
4n+ 2k − 2
m
⌋
+ 3
⌊
k
m
⌋
+
⌊
2n
m
⌋
− 3
⌊
2k
m
⌋
−
⌊ n
m
⌋
−
⌊
n− 1
m
⌋
− 2
⌊
n− k
m
⌋
−
⌊
2n+ k − 1
m
⌋
.
Then
S = 3
{
2k
m
}
+
{ n
m
}
+
{
n− 1
m
}
+ 2
{
n− k
m
}
+
{
2n+ k − 1
m
}
−
{
4n+ 2k − 2
m
}
− 3
{
k
m
}
−
{
2n
m
}
,
since (6k)+(n−1)+n+2(n−k)+(2n+k−1)−(4n+2k−2)−3k−(2n) = 0.
To prove S ≥ 0 is equivalent to show{
4n + 2k − 2
m
}
+ 3
{
k
m
}
+
{
2n
m
}
≤ 3
{
2k
m
}
+
{ n
m
}
+
{
n− 1
m
}
+ 2
{
n− k
m
}
+
{
2n+ k − 1
m
}
(2.6)
Note that this only depends on n and k modulo m. Without loss of gener-
ality, we may assume that n, k ∈ {0, 1, . . . ,m− 1}. So
0 ≤
k
m
< 1, 0 ≤
n
m
< 1,
n− 1
m
< 1 and − 1 <
n− k
m
< 1.
We can simplify the inequality (2.6) as follows:
3
{
2k
m
}
+
4n− 5k − 1
m
+
{
2n + k − 1
m
}
≥
{
4n+ 2k − 2
m
}
+
{
2n
m
}
.
(2.7)
It is not difficult to see that the inequality (2.7) holds for k = 0.
Let us consider the following cases and note that n ≥ k:
1) n
m
< 1
2
,
a) if 2n+ k − 1 < m, in this case the inequality (2.7) reduces to
6k
m
+
4n − 5k − 1
m
+
2n+ k − 1
m
−
2n
m
≥
{
4n+ 2k − 2
m
}
,
which holds trivially since
4n+ 2k − 2
m
≥
{
4n+ 2k − 2
m
}
.
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b) if m ≤ 2n+ k − 1 < 2m, in this case the inequality (2.7) reduces
to
6k
m
+
4n− 5k − 1
m
+
2n+ k − 1
m
− 1 ≥
{
4n+ 2k − 2
m
}
+
2n
m
,
which holds since (4n + 2k − 2)/m ≥ 2 and thereby
4n + 2k − 2
m
− 1 ≥ 1 >
{
4n + 2k − 2
m
}
.
2) n
m
≥ 1
2
and k
m
< 1
2
.
a) if m ≤ 2n+ k − 1 < 2m, then the inequality (2.7) reduces to
6k
m
+
4n− 5k − 1
m
+
2n+ k − 1
m
− 1 ≥
{
4n + 2k − 2
m
}
+
2n
m
− 1,
which is equivalent to the trivial inequality
4n+ 2k − 2
m
≥
{
4n+ 2k − 2
m
}
.
b) if 2m ≤ 2n + k − 1 < 5m
2
, then in this case the inequality (2.7)
reduces to
6k
m
+
4n− 5k − 1
m
+
2n+ k − 1
m
− 2 ≥
{
4n + 2k − 2
m
}
+
2n
m
− 1,
which is equivalent to the trivial inequality
4n+ 2k − 2
m
− 1 ≥
{
4n+ 2k − 2
m
}
,
which holds clearly since{
4n+ 2k − 2
m
}
=
4n+ 2k − 2
m
− 2.
(3) k
m
≥ 1
2
,
a) if 3m
2
≤ 2n + k − 1 < 2m, then in this case the inequality (2.7)
reduces to
6k
m
− 3 +
4n− 5k − 1
m
+
2n+ k − 1
m
− 1 ≥
{
4n+ 2k − 2
m
}
+
2n
m
− 1,
which is equivalent to the following inequality
4n+ 2k − 2
m
− 3 ≥
{
4n+ 2k − 2
m
}
. (2.8)
The inequality (2.8) follows from{
4n+ 2k − 2
m
}
=
4n+ 2k − 2
m
− 3.
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b) if 2m ≤ 2n + k − 1 < 3m, then the inequality (2.7) reduces to
6k
m
− 3 +
4n− 5k − 1
m
+
2n+ k − 1
m
− 2 ≥
{
4n+ 2k − 2
m
}
+
2n
m
− 1,
which is equivalent to the following inequality
4n+ 2k − 2
m
− 4 ≥
{
4n+ 2k − 2
m
}
. (2.9)
The inequality (2.9) follows from
{
4n+ 2k − 2
m
}
=
{
4n+2k−2
m
− 4, if 2m ≤ 2n+ k − 1 < 5m
2
;
4n+2k−2
m
− 5, if 5m
2
≤ 2n + k − 1 < 3m.
This completes the proof.
Lemma 2.5. Let n be a positive integer and k a nonnegative integer. Then
(
2k
k
)2 ∣∣∣∣∣
(
2n
n
)(
n
k
)(
k + n
2k
)(
k + 2n− 1
n− 1
)(
2k + 4n− 2
k + 2n− 1
)
.
Proof. In view of (2.5), since
W (n, k) =
(
2n
n
)(
n
k
)(
k+n
2k
)(
k+2n
n
)(
2k+4n
k+2n
)
(
2k
k
)2 = k!3(2n)!(2k + 4n− 2)!(2k)!3n!(n− 1)!(n − k)!2(k + 2n− 1)! ,
it suffices to show that for any prime p, vp(W (n, k)) =
∑
∞
i=1Api ≥ 0 where
Api =
⌊
4n+ 2k − 2
pi
⌋
+ 3
⌊
k
pi
⌋
+
⌊
2n
pi
⌋
−
(
3
⌊
2k
pi
⌋
+
⌊
n
pi
⌋
+
⌊
n− 1
pi
⌋
+ 2
⌊
n− k
pi
⌋
+
⌊
2n + k − 1
m
⌋)
.
By Lemma 2.4, it follows that Api ≥ 0 and thereby vp(W (n, k)) ≥ 0. Hence,
W (n, k) ∈ Z, which proves Lemma 2.5.
Lemma 2.6. For positive integer n ≥ 1, we have
((2n − 1)!(2n − 2)!)(3n − 3)!
∣∣ (6n− 5)!(n − 1)!.
Proof. Along the same line of the proof of Lemma 2.5, it suffices to show
that for any m ≥ 2,⌊
6n − 5
m
⌋
+
⌊
n− 1
m
⌋
≥
⌊
2n − 1
m
⌋
+
⌊
2n− 2
m
⌋
+
⌊
3n− 3
m
⌋
, (2.10)
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which is equivalent to the following inequality{
6n− 5
m
}
+
{
n− 1
m
}
≤
{
2n− 1
m
}
+
{
2n− 2
m
}
+
{
3n− 3
m
}
(2.11)
since (6n − 5) + (n − 1)− (2n − 1)− (2n− 2)− (3n − 3) = 0.
Note that n ≥ 1, we may assume that n ∈ {1, . . . ,m−1,m} since it only
depends on m. To begin with, it is easy to verify that the inequality (2.11)
holds for n = 1 and n = m. In the following, we assume that 2 ≤ n ≤ m−1.
So we have 3n − 3 ≥ 2n − 1 > 2n − 2. To prove (2.11), it is sufficient to
consider the following cases.
1) 3n− 3 < m. In this case, the inequality (2.11) reduces to{
6n− 5
m
}
+
n− 1
m
≤
2n− 1
m
+
2n− 2
m
+
3n− 3
m
,
i.e., {
6n− 5
m
}
≤
6n − 5
m
,
which is clearly true.
2) m ≤ 3n− 3 ≤ 2m− 1,
a) if 2n− 1 < m, then 2m+1 ≤ 6n− 5 ≤ 4m− 1. So the inequality
(2.11) reduces to {
6n − 5
m
}
≤
6n− 5
m
− 1,
which is valid since 2 < 2 + 1
m
≤ 6n−5
m
≤ 4− 1
m
< 4.
b) if m ≤ 2n − 2 < 2m, then 3m + 1 ≤ 6n − 5 < 6m + 1. So the
inequality (2.11) reduces to{
6n − 5
m
}
≤
6n− 5
m
− 3,
which is valid since 3 < 3 + 1
m
≤ 6n−5
m
< 6 + 1
m
< 6.
c) if 2n − 2 = m− 1, then n = (m+ 1)/2. So the inequality (2.11)
reduces to {
3m− 2
m
}
+
m− 1
2m
≤
m− 1
m
+
3m− 3
2m
,
i.e., {
3m− 2
m
}
≤
3m− 2
m
− 1.
It holds trivially since 2 ≤ 3m−2
m
= 3− 2
m
< 3.
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3) 2m ≤ 3n − 3 ≤ 3m− 6. In this case, we have m < 4m/3 ≤ 2n − 2 ≤
2m − 4 and 4m + 1 ≤ 6n − 5 ≤ 6m − 11. So the inequality (2.11)
reduces to {
6n − 5
m
}
≤
6n− 5
m
− 4,
which is also true since 4 < 4 + 1
m
≤ 6n−5
m
≤ 6− 11
m
< 6.
On the basis of above discussion, it follows the inequality (2.11) and thus
the inequality (2.10) is true. Therefore, by invoking (2.4) and (2.5), we can
obtain our statement.
This completes the proof.
Now we are ready to prove our main results.
3 Proofs of Theorem 1.3 and Theorem 1.4
Proof of Theorem 1.3. For n, k ∈ N, let
F (n, k) =
(−1)n+k
(
20n2 − 12kn − 2k + 8n+ 1
) (
2n
n
)3(2k+2n
k+n
)(
2n−2k
n−k
)(
k+n
n−k
)
(
2k
k
)
46n−2k
and
G(n, k) =
(−1)n+k2n3
(
2n
n
)3(2k+2n
k+n
)(
2n−2k
n−k
)(
k+n
n−k
)
(
2k
k
)
(2k + 2n− 1)16−k+3n−1
.
The numbers F (n, k) can be found in [10] and [19] and the numbers G(n, k)
can be obtained by the Gosper algorithm for F (n, k − 1) − F (n, k); see [3].
One can easily deduce that the pair (F,G) forms a WZ-pair. They satisfy
the relation (2.3).
By Lemma 2.3, for k = 1 and N ≥ 2, we have
(−4096)N−1G(N, 1)
2N2
(
2N
N
)2 = N
2(N + 1)
(
2N
N
)(
2N−2
N−1
)(
2N+2
N+1
)
64(2N + 1)
∈ Z.
In view of Lemma 2.2, we obtain that for N ≥ k ≥ 2,
(−4096)N−1G(N, k)
2N2
(
2N
N
)2 = 2
4k−8N
(
2N
N
)
(−1)k+1
(
k+N
N−k
)(
2N−2k
N−k
)(
2k+2N
k+N
)
(
2k
k
)
(2k + 2N − 1)
∈ Z.
Hence it follows that
2N2
(
2N
N
)2 ∣∣∣∣ (−4096)N−1
N−1∑
k=1
G(N, k).
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Furthermore, for N ≥ 2, we have
(−4096)N−1F (N − 1, N − 1)
2N2
(
2N
N
)2 = (−1)
N+124N−5
(
8N2 − 10N + 3
) (
2N−2
N−1
)2(4N−4
2N−2
)
N2
(
2N
N
)2
=
(−1)N+124N−7(4N − 3)
(
4N−4
2N−2
)
2N − 1
∈ Z
since (
4N−4
2N−2
)
2N − 1
=
(
4N − 4
2N − 2
)
−
(
4N − 4
2N − 3
)
.
From Lemma 2.1, it follows that
2N2
(
2N
N
)2 ∣∣∣∣ (−4096)N−1
N−1∑
n=0
F (n, 0) =
N−1∑
n=0
(
20n2 + 8n + 1
)(2n
n
)5
(−4096)N−n−1,
which is nothing but the divisibility (1.1).
Proof of Theorem 1.4. Let
F (n, k) =
16k−4n
(
120n2 − 84kn − 10k + 34n + 3
) (
2n
n
)3(2k+4n
k+2n
)(
k+2n
n
)(
k+n
2k
)(
n
k
)
(
2k
k
)2
and
G(n, k) =
n224k−16n+10
(
2n
n
)3(n
k
)(
k+n
n−k
)(
k+2n−1
n−1
)(
2k+4n−2
k+2n−1
)
(
2k
k
)2 .
The numbers F (n, k) can be found in [4, 11, 19] and the numbers G(n, k)
can be obtained by the Gosper algorithm for F (n, k − 1) − F (n, k); see [3].
It is easy to verify that this pair (F,G) satisfies the relation (2.3).
We first notice that for all nonnegative integers N ≥ 2 and N ≥ k,
216N−16G(N, k)
2N2
(
2N
N
)2 = 2
4k−7
(
2N
N
)(
N
k
)(
k+N
N−k
)(
k+2N−1
N−1
)(
2k+4N−2
k+2N−1
)
(
2k
k
)2 ∈ Z (3.12)
and
216N−16F (N − 1, N − 1)
2N2
(
2N
N
)2
=
3 · 24N−5
(
12N2 − 16N + 5
) (
2N−2
N−1
)(
3N−3
N−1
)(
6N−6
3N−3
)
N2
(
2N
N
)2
=
3 · 24N−7(6N − 5)!(N − 1)!
(2N − 1)!(2N − 2)!(3N − 3)!
∈ Z,
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in view of Lemma 2.5 and Lemma 2.6, respectively.
Thus, it follows that
2N2
(
2N
N
)2 ∣∣∣∣ 216N−16
N−1∑
k=1
G(N, k).
Therefore, using Lemma 2.1, we arrive at
2N2
(
2N
N
)2 ∣∣∣∣ 216N−16
N−1∑
n=0
F (n, 0). (3.13)
Since
216N−16
N−1∑
n=0
F (n, 0) =
N−1∑
n=0
(
120n2 + 34n+ 3
)(2n
n
)4(4n
2n
)
65536N−n−1,
we obtain the divisibility (1.2) by (3.13). This finishes the proof of Theorem
1.4.
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